
before and af ter  the shock wave; ~ ,  kh, be ,  D A, coeff icients  of viscosi ty,  atom--ion and e lec t ron thermal  
conductivit ies,  and ambipolar  diffusion; 6, surface  emiss ivi ty;  ni, ion concentrat ion;  P r ,  Prandt l  number;  
Sc, Schmidt number;  l = p~/p s~ s, d imensionless  pa rame te r ;  h, e, subscr ip ts  r e fe r r ing  to p a r a m e t e r s  of the 
atom--ion and the e lec t ron  gas, respect ively;  0% s, w, subscr ipts  re fe r r ing  to p a r a m e t e r s  of the gas in the 
incident flow, immediate ly  behind the shock wave, and at the body, respect ively.  

1. 

L I T E R A T U R E  C I T E D  

M. D. Kremenetski i ,  N. V. Leont 'eva,  and Yu. P. Lun'kin, Zh. Prikl .  Mekh. Tekh. Fiz . ,  No. 4, 121 
(1971). 
A. K. Kondrya and N. V. Leont 'eva ,  Zh. Pr ikl .  Mekh. Tekh. Fiz. ,  No. 4, 179 (1972). 2.  

3. L . B .  Gavin and Yu. P. Lun'kin, Zh. Prikl .  Mekh. Tekh. Fiz . ,  No. 1, 9 (1972). 
4. N . V .  Leont 'eva,  Yu. P. Lun'kin, andA. A. Fursenko,  Inzh . -F iz .  Zh., 25, 681 (1973). 
5. N . V .  Leont 'eva,  Yu. P. Lun'kin, andA. A. Fursenko,  Fiz. G o r e n i y a V z r y v a ,  No. 5, 653 (1973): 
6. N . V .  Leont 'eva,  Yu. P. Lun'kin, and A. A. Fursenko,  Lnzh.-Fiz.  Zh., 2_~7, 421 (1974). 
7. L . B .  Gavin and Yu. P. Lun'kin, Inzh . -F iz .  Zh., 2__6, 424 (1974). 
8. L . B .  Gavin, Inzh . -F iz .  Zh., 2___9.9, 699 (1975). 
9. M. Nishida, Phys. Fluids,  1_.55, 596 (1972). 

10. M. Nishida and S. Sugimoto, Phys.  Fluids,  1._.66, 202 (1973). 
11. M . Y .  Jaf f r in ,  Phys.  Fluids,  8, 606 (1965). 
12. NL Cumae and N. Kemp, AIAA Paper  No. 63-460 (1963). 
13. R . M .  Chraieteski and J.  H. F e r z i g e r ,  Plays. Fluids,  10, 364 (1967). 
14. L . A .  Ladaova, Vestn. Leningr.  Gos. Univ., No. 2, 91 (1969). 
15. J . A .  Samson, J.  Opt. Soc. Amer . ,  5___44, 420 (1964). 
16. R . S .  Devoto, Phys. Fluids, t0,  354 (1967). 
17. R . S .  Devoto, Phys. Fluids,  9, 1230 (1966). 
18. L. Spitzer  and R. Harm,  Phys. Rev. ,  89, 977 (1953). 
19. S . B .  Koleshko, Yu. P. Lun'kin, and I. Z. Fainberg,  Izv. Akad. Nauk SSSR, Mekh. Zhidk. Gaza, No. 6, 

14 (1974). 

A C L A S S  O F  M U L T I P L E  I N T E G R A L S  O F  

T R A N S F E R  T H E O R Y  

M. I .  Z h u r i n a ,  A.  M. P o p o v a ,  
a n d  A.  P .  P r u d n i k o v  

UDC 539.125.523 

We consider  a c lass  of multiple in tegrals  of t r an s f e r  theory  under the assumption that the scat -  
ter ing field function may be exponential. 

[11 

where 

The scat ter ing amplitude of two par t i c les  is de termined  by the Lippmann--Schwinger integral  equation 

t(k, k' E)=V(k ,  k ' ) +  f V(k' p)t(p, k', E)dp, 
' . E - - p 2  + io  (1)  

V(k, k ' ) =  1 (" exp t--  i (k - -  k') r] V (r) dr; 
l 

(2~x) 3 .] 
~2:B 
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T A B L E  1. V a l u e s  of  I n t e g r a l s  I 1 a n d  I2 a s  F u n c t i o n s  of  A f o r  V a r -  

i o u s  P a r a m e t e r s  V0, r0,  a ,  k ,  a n d  k '  

v o r a a h" 1~ 1~ A 

0,36 2,46 0,2 6 

1,93 

62, 8 

k 

0,3162 

1,732 

0,1 ~0,881639 
0,6 --0,688~6 
1,1 ---0,35~75 
1,6 ~0,5713~ 
2, t 0,045935 
2,6 0,038~9 
3,1 0,~0272 
3,6 ~0,014119 

O, 1 ~0,01~54 
0,6 ~0,038190 
1 ,1  
1,6 
2,1 
2,6 
3,1 
3,6 

0,1 
0,6 

--6.10-D 
l.lO-a 

--6.10-1o 
4 . 1 0 -  lO 

--3. I0- lo 
2.10~1o 

--2.10- lO 
1.10- to 

- - 1 . 1 0 - 1 o  
3.10-Io 

1,07 

0,2 

0,2 

0,3 

0,3162 

1,732 

0,3162 

1,732 

1,I 
1,6 
2,1 
2,6 
3,1 
3,6 

0,1 
0,6 
1,1 
1,6 
2,1 
2,6 
3,1 
3,6 

0,1 
0,6 
!,1 
1,6 
2,1 
2,6 
3,1 
3,6 
4,1 
4,6 

0,1 
0,6 
1,! 
1,6 
2,1 
2,6 
3,1 
3,6 
4,1 
4,6 

--0,066295 --4-10 -11 
--0,073715 3.10 -11 
--0,052481 2-10 -11 
--0,019986 --4.10-11 

0,001905 --5. t0 - u  
0,006459 6.10-11 

--0,51814"2- --2.10-5 
--0,482343 --9.I0 -6 
--:-0,404746 4.10-~ 
--0,304667 2.10-n 
~0,203361 --2.10 -6 
--0,117112 ~5 . t0 -7  
~0,054043 2.10 -6 
--0,014706 --1.I0 -7 

--0,280559 ~1-10 -n 
~0,267689 3-10 -~ 
~0,238249 1.10 -7 
~0,196781 --4.10 -~ 
~0,1~9503 --2.10 -7 
~0,103019 3-10 -7 
~0,  062809 5" I 0 - 8 
~0,032126 --3.10 -s 

~2 ,  703753 --1.10-4 
~2,524195 --1-10 -5 
~2,150211 2.10 -5 
~1,695228 --1"10 -s  
~1,258822 3.10 -n 
~0,895332 3"10 -s 
~0,618634 --5.10 -6 
~0,419874 4-10 -s 
~0,282252 3.10 -n 
--0,189138 --2.10 -~ 

--!,588219 --2.IO-Z 
.~1,537386 --2.10 -6 
~1,417504 --2.10 -6 
--1,240264 --2.10 -6 
--1,027643 1.10 -7 
--0,807986 3.10-= 
--0,606800 --5.10 -v 
--0,439390 --3-I0 -~ 
--0,309877 2.10 -7 
--0,214822 1.10-5 

12 

12 

V ( r )  i s  a s p h e r i c a l l y  s y m m e t r i c  f u n c t i o n  of  r w h i c h  c a n  b e  e x p a n d e d  i n  a s e r i e s  of L e g e n d r e  p o l y n o m i a l s  

E .-- p~+'iO , ~ i ~  (E ~ p2), E > 0; 

P i s  a s y m b o l  i o r  t h e  p r i n c i p a l  v a l u e  of  t h e  i n t e g r a l ,  a n d  o ( r )  i s  t h e  D i r a c  d e l t a  f u n c t i o n .  

I t  i s  k n o w n  t h a t  t h e  f u n c t i o n  t ( k ,  k ' ; E )  c a n  b e  e x p a n d e d  i n  L e g e n d r e  p o l y n o m i a l s  f o r  a l l  r e a l  v a l u e s  of  

k a n d  k ' .  

[2] 

w h e  r e  

(2) 

T h i s  e x p a n s i o n  r e d u c e s  t h e  t t i r e e - d i m e n s i o n a l  e q u a t i o n  (1) t o  a o n e - d i m e n s i o n a l  e q u a t i o n  of  t h e  f o r m  

tz(k, k ' ,  E ) = V ~ ( k ,  k ' ) +  2 i V z ( k '  p) t~(p, k ' ,  E) pZ 
�9 - - ~ .  E - - p 2  @ iO dp, 

o 

(3) 

V~(k, k ' ) ~  ; jz(tr r)V (r)]t(k ' ,  r)r adr. (4) 
o 
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F o r  a s q u a r e  we l l  p o t e n t i a l  V(r)  = - -V  0 fo r  r < R 0 and V(r )  = 0 f o r  r > R 0 the  i n t e g r a l  in  (3) can  be e v a l u a t e d  
in  t e r m s  of B e s s e l  func t ions .  F o r  a p o t e n t i a l  of a n o t h e r  f o r m  i t  i s  e x p e d i e n t  to  e v a l u a t e  t h i s  i n t e g r a l  n u m e r i -  
c a l l y ,  e . g . ,  by s u c c e s s i v e  a p p r o x i m a t i o n s  o r  by the  Pad~  m e t h o d  [2]. In both c a s e s  i t  i s  n e c e s s a r y  to  e v a l u a t e  
t e r m s  of the  s e r i e s  

2 : V,(k, p) V,(p, k')p2 
t, (k, k', E) = V t (k, k') + ~ .t. (E - -  p2 + iO) dp 

0 

\=]JJ (E - -  p2 + i0)(E - -  ( / ) 2  + i0) 
0 0 ,  

3 V, (k p)l ~(p, p )Vz(p, P )Vt(p,  k )p (p)  (p)  . . . . . . .  + _ ""  _ . . . . . . . . . . .  apap ap 5- . . . .  (5) 
(E - -  p~ + iO)(E - -  ( / )2  + iO) (E - -  (/,)2 + iO) 

0 0 0 

We c o n s i d e r  the  i n t e g r a l s  in (5) f o r  a func t ion  V(r)  of the  f o r m  

V (r) = - -  V 0 [c + exp ( ( r - -  ro)/a)]-l; c = 0, - -  1, 1. (6) 

Wi th  th i s  cho i ce  of V(r)  t h e s e  i n t e g r a l s  can be e v a l u a t e d  n u m e r i c a l l y  a f t e r  t hey  a r e  r e d u c e d  to  i n t e g r a l s  wi th  
f in i t e  l i m i t s .  The  c h o i c e  of the  u p p e r  l i m i t s  in Eqs .  (4) and  (5) to  e n s u r e  the  r e q u i r e d  a c c u r a c y  of the  c a l -  
c u l a t i o n  depends  on the  v a l u e s  of the  f ixed  p a r a m e t e r s  of the  p o t e n t i a l  V(r)  and the v a r i a b l e s  k,  k ' ,  and E. 

We c o n s i d e r  the  i n t e g r a l s  a p p e a r i n g  in the  a m p l i t u d e  t o (k, k ' ;  E) when 0 < k, k'  < 4 F -1, 0 < E < 16 F -2. 

F o r  l = 0 the  i n t e g r a l  (4) has  the  f o r m  

? sin (kr) V (r) sin (k'r) d r  (7) 
Vo (k, k') 

J kk' 
0 

F o r  a p o t e n t i a l  of the  f o r m  (6) V0(k, k r) i s  

~i sin (kr) sin (k'r) 
Vo(k, k') = - -Vo  kk' [exp((r--ro)/a)+c ] dr. (8) 

0 

We w r i t e  (8) a s  the  sum of two i n t e g r a l s  

w h e r e  

V 0(k, k ' ) = l  I + 1 3  , 

A 

V ~ sin (kr) sin (k'r) 
I1 = - -  o O k k ' ~ - +  e-xp((r~ro)/a)] dr, 

0 

Is = - -  V~ i 
A 

sin (kr) sin (k' r) 

kk'(c + exp ((r --ro)/a)] 
dr. 

(9) 

Po in t  A i s  c h o s e n  so  tha t  the  e r r o r  m a d e  in  n e g l e c t i ng  12 i s  no m o r e  than  10 -s.  The  v a l u e s  of k and k' do not  
a f fec t  the  p o s i t i o n  of po in t  A s u b s t a n t i a l l y .  The  va lue  of (8) i s  d e t e r m i n e d  by the  func t ion  exp [ ( r - - r 0 ) / a  ] in the  
d e n o m i n a t o r .  It i s  e s t i m a t e d  tha t  fo r  A - 21a  + r 0 the  e r r o r  m a d e  by n e g l e c t i n g  I 2 in  (9) i s  no m o r e  than  10 -8. 
Th i s  e s t i m a t e  f o r  the  i n t e g r a l  (7) (l = 0) i s  v a l i d  a l so  fo r  l # 0, but  i s  s o m e w h a t  of an o v e r e s t i m a t e .  

Thus ,  the  c o n v e r g e n c e  of (4) fo r  a p o t e n t i a l  we l l  wi th  a d i f fuse  edge  de pe nds  on the  d i f f u s e n e s s  p a r a m -  
e t e r  and the r a d i u s  of the  we l l .  

U s i n g  (2) we r e w r i t e  s e r i e s  (5) in the  f o r m  [3] 

2 { i [ V ( k , p ) V ( P , U ) P 2 - - V ( k , k ) V ( k ,  t (k, k' ,  E) -- V (k, k') + 7 , = ~E ~ - p  7) k')E] dp 

0 

- -  i aV (k, k) V (k, k') E ~/o [ 4 
2 ~ + a  -~  
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X [V(k, p) V(p, p') (p, k')p2(p')2--V~(k, k)V(k, k')E 2] dpdp' 
(E - -  f ) (  E - -  (p'D 

0 O. 

--n2~-EV2(k'4 k)V(k, k') } + . . . .  (10) 

The upper  l imi t  in in t eg ra l s  of the fo rm (10) was e s t ima ted  by a numer i ca l  exper iment .  F o r  var ious  fixed 
Values of E, k, and k ~ within the range  of the i r  var ia t ion  the in tegra l  ove r  p was decomposed  into a sum of 
in tegra l s  and the s e r i e s  was broken off when the in tegrand was s m a l l e r  than 10 -4 in absolute value. The 
calculat ion was p e r f o r m e d  by using the approx imate  Gauss ian  formula .  

Table  1 l i s t s  the r e s u l t s  of numer i ca l  calcula t ions  of 11 and 12 for  var ious  choices  of the p a r a m e t e r s  of 
the Woods--Saxon potential.  

I t  i s  ~ l e a r  f r o m  Table  1 that  the upper  l imit  A of the in tegra l s  in (9) is  m o s t  sens i t ive  to the p a r a m e t e r  
IV 0], the depth of the potent ia l  well. An accuracy  of 10 -4 in the ca lcula t ions  will ce r t a in ly  he ensured  if the 
value of A is  taken an o rde r  of magnitude l a r g e r  than W01. The remaining  p a r a m e t e r s  will be a r b i t r a r y  within 
the indicated l imits .  

NOTATION 

k, k T, wave vec to r s ;  E, energy  of sys tem;  i ~ ~ r ,  r ad iu s -vec to r ;  ~1, range  of var ia t ion  of wave 
vec tor ;  ~2 2, range  of var ia t ion  of r ad iu s -vec to r ;  V o, depth of potential  well; a,  d i f fuseness  p a r a m e t e r ;  to, 
radius  of potent ial  well; 1 F = 10 -13 cm. 

1. 

2 ,  

3. 
4. 
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